We propose a system of nonlinear integral equations (NLIE) which gives the free energy of the U q ( sl(r + 1|s + 1)) Perk-Schultz model. In contrast with traditional thermodynamic Bethe ansatz equations, our NLIE contain only r + s + 1 unknown functions. In deriving the NLIE, the quantum (supersymmetric) Jacobi-Trudi and Giambelli formula and a duality for an auxiliary function play important roles. By using our NLIE, we also calculate the high temperature expansion of the free energy. General formulae of the coefficients with respect to arbitrarily rank r + s + 1, chemical potentials {µ a } and q have been written down in terms of characters up to the order of 5. In particular for specific values of the parameters, we have calculated the high temperature expansion of the specific heat up to the order of 40.
Introduction
In statistical physics, to calculate the free energy of solvable lattice models for finite temperature is one of the important problems. For this purpose, thermodynamic Bethe ansatz (TBA) equations have been often used [1] . In general, the TBA equations are an infinite number of coupled nonlinear integral equations (NLIE) with an infinite number unknown functions. Then it is desirable to reduce TBA equations to a finite number of coupled NLIE with a finite number of unknown functions.
Destri, de Vega [2] and Klümper [3, 4] proposed NLIE with two (or one 1 ) unknown functions for the XXZ (or XY Z) model. To generalize their NLIE to models whose underlying algebras have arbitrary rank seems to be a difficult problem as we need considerable trial and errors to find auxiliary functions which are needed to derive the NLIE. Then there are NLIE of abovementioned type for models whose underlying algebras have at most rank 3 (for example, [5, 6, 7] ).
Several years ago, Takahashi discovered [8] an another NLIE for the XXZ model in simplifying TBA equations. Later, the same NLIE was rederived [9] from fusion relations (T -system) [10] among quantum transfer matrices (QTM) [11] . In addition, it was also rederived [12] for the XXX model from a fugacity expansion formula.
In view of these situations, we have derived NLIE of Takahashi type for the osp(1|2s) model [13] , the sl(r + 1) model [14] , the higher spin Heisenberg model [15] , the U q ( sl(r + 1)) Perk-Schultz model [16] . In these cases, the number of unknown functions and NLIE coincide with the rank of the underlying algebras. In this paper, we will further derive NLIE with a finite number of unknown functions for the U q ( sl(r + 1|s + 1)) Perk-Schultz model [17, 18] , which is a multicomponent generalization of the 6-vertex model and one of the fundamental solvable lattice models in statistical mechanics. For example, a special case of this model is related to the supersymmetric t − J model, which is important in strongly correlated electron systems.
In section 2, we introduce the U q ( sl(r + 1|s + 1)) Perk-Schultz model, and define the QTM for it. As a summation over tableaux labeled by a × m Young (super) diagram, we introduce an auxiliary function (2.13) [19, 20] which includes an eigenvalue formula (2.10) of the QTM as a special case. We also introduce a system of functional relations (T -system) which is satisfied by this auxiliary function.
In section 3, we derive two kind of NLIE which contain only r + s + 1 unknown functions. The first ones (3.9), (3.10) reduce to the NLIE for the U q ( sl(r + 1)) Perk-Schultz model in [16] if s = −1. However our new NLIE are not straightforward generalization of the ones in our previous paper [16] . In fact for r, s ≥ 0 case, a straightforward generation of our previous NLIE becomes a system of an infinite number of coupled NLIE which contains an 1 if an integral contour with a closed loop is adopted infinite number of unknown functions (see (3.7) ). To overcome this difficulty, we will use the quantum (supersymmetric) Jacobi-Trudi and Giambelli formula (2.25) and a duality (2.23) for the auxiliary function, from which a closed set of NLIE can be derived. We will also propose another NLIE (3.21) and (3.22) in the latter part of the section 3, which have never been considered before even for the U q ( sl(2)) case. In deriving the NLIE, we assume that q is generic. However we expect that our results can be also analytically continued to the case where q is a root of unity.
In section 4, we calculate the high temperature expansion of the free energy based on our NLIE. In particular, we can derive coefficients (4.2)-(4.6) up to the order of 5 for the arbitrary rank r + s + 1. The point is that if we fix the degree of the high temperature expansion, we can write down a general formula of the coefficients. On the other hand, if we specialize parameters, we can derive the coefficients for much higher orders. For example for (r, s) = (2, −1), (−1, 2), q = 1, µ a = 0 case, coefficients of the high temperature expansion of the specific heat up to the order of 40 are presented in appendix. It will be difficult to derive the coefficients of such a high order by other method.
Section 5 is devoted to concluding remarks.
The Perk-Schultz model and the quantum transfer matrix method
In this section, we will introduce the U q ( sl(r + 1|s + 1)) Perk-Schultz model 2 [17, 18] and the quantum transfer matrix (QTM) method [11, 22, 23, 24, 4, 3] for it. The QTM method was applied to the Perk-Schultz model in ref. [5] (see also, ref. [25, 26, 6] ). Let us introduce three sets B = {1, 2, . . . , r + s + 2} = B + ∪ B − , where B + ∩ B − = φ, |B + | = r + 1 and |B − | = s + 1 (r, s ∈ Z ≥−1 ). We define a grading parameter p(a) (a ∈ B) such that p(a) = 0 for a ∈ B + and p(a) = 1 for a ∈ B − . The R-matrix of the U q ( sl(r + 1|s + 1)) Perk-Schultz model [17] is given as
where E a,b is a r + s + 2 by r + s + 2 matrix whose (i, j) element is given as 4) where v ∈ C is the spectral parameter; a, b ∈ B;
Note that this R-matrix reduces to the one for the well known 6-vertex model if (r, s) = (1, −1).
Let L be a positive integer (the number of lattice sites). The row-to-row transfer matrix on (C r+s+2 ) ⊗L is defined as
The main part of the Hamiltonian is proportional to the logarithmic derivative of the row-to-row transfer matrix (2.5):
, (2.6)
where we adopt the periodic boundary condition E a,b L+1 = E a,b
1 . Without breaking the integrability, we can also add the chemical potential term
to H body . Then the total Hamiltonian is H = H body + H ch .
To treat the model at finite temperature T , we introduce the so-called quantum transfer matrix (QTM) [11] :
The lower index i, j of R ij (v) is used as follows: for example,
, where I is r+s+2 by r+s+2 identity matrix;
. The trace tr 0 is taken over the auxiliary space indexed by 0.
where N ∈ 2Z ≥1 is the Trotter number;
• rotation' of R(v). We can express [11] the free energy per site in terms of only the largest eigenvalue Λ 1 of the QTM (2.8) at v = 0: 9) where the Boltzmann constant is set to 1. Due to the Yang-Baxter equation, the QTM (2.8) forms commuting family for any v. Thus it can be diagonalized by the Bethe ansatz. The eigenvalue formula 4 of the QTM (2.8) will be (cf. [5, 6] )
where
where M a ∈ Z ≥0 ; Q 0 (v) = Q r+s+2 (v) = 1. ξ a ∈ {−1, 1} is a parameter which depends on the grading parameter {p(b)} b∈B . {v
k } is a root of the Bethe 4 To be precise, this formula is a conjecture for general parameters r, s, q, µ a , N . In [5] , the algebraic Bethe ansatz for a one particle state was executed for the QTM of the U q (ŝl(r + 1|s + 1)) Perk-Schultz model. As for the U q (ŝl(2)) case, a proof of this formula by the algebraic Bethe ansatz is similar to the row-to-row transfer matrix case (cf. [29] ). This formula has a quite natural form (dressed vacuum form) from a point of view of the analytic Bethe ansatz [30, 31] . An eigenvalue formula of the row to row transfer matrix (2.5) was derived in [32, 18] . It has essentially same form as (2.10) except for a part which is related to the vacuum eigenvalue. There is also support by numerical calculations for small r, s.
) for k ∈ {1, 2, . . . , M a } and a ∈ {1, 2, . . . , r + s + 1}, where ε a = ξ a+1 ξa ∈ {−1, 1}. From now on, we assume the relation p(1) = p(r+ s + 2) on the grading parameter. In this case, the eigenvalue formula (2.10) of the QTM has good analyticity to derive the NLIE. We expect that this assumption does not spoil generality as the free energy will be independent of the order of the grading parameters.
Let us define an auxiliary function [19, 20] (see also [33] ):
where m, a ∈ Z ≥1 , and the summation is taken over
This function contains T
1 (v) (2.10) as a special case (a, m) = (1, 1). (2.13) can be interpreted as a summation over a Young (super) tableaux labeled by a × m Young (super) diagram. It is related to a system of eigenvalue formulae of the QTM for fusion models [34] . Note that the condition (2.15) is void if s = −1, then (2.13) reduces to the Bazhanov-Reshetikhin formula [35] .
For a, m ∈ Z ≥1 , we will normalize (2.13) as T (a)
, where
Here we introduce a parameter ξ ∈ {−1, 1}. T (a) m (v) has no pole on v due to the BAE (2.12). In contrast, T (a) m (v) has poles at v = ±(
m (v) satisfies the so called T -system for U q ( sl(r + 1|s + 1)) [19, 20] (see also [26] for a derivation of TBA equations from the T -system). For m, a ∈ Z ≥1 ,
for a ∈ {1, 2, . . . , r} or m ∈ {1, 2, . . . , s} or (a, m) = (r + 1, s + 1), 20) where
There is a duality relation for the auxiliary function. m (v) for m ∈ {1, 2, . . . , s + 1} if s ∈ Z ≥0 . For s = −1, this T -system reduces the one for U q ( sl(r + 1)) [36] (see also [10] ). In this case, (2.23) reduces to [16] ). From the relations (2.19), (2.20), (2.23) and (2.18) for (a, m) = (r + 1, s + 1), one can derive the following relation for a ∈ Z ≥2 :
(2.24)
m (v) can also be written in terms of a determinant (the quantum (supersymmetric) Jacobi-Trudi and Giambelli formula [19, 20] (for s = −1 case, [35] ; for U q (B (1) r ) case, [37] 
where T 
Expanding partially (2.29) on both side, we obtain
Similarly, we can derive the following relation from (2.23) and (2.26).
Let us consider the limit
where the summation is taken over {d j,k } (d j,k ∈ B) which obey the rules (2.14)-(2.16). For example, for U q ( sl(2|1)) (B + = {1, 3}, B − = {2}) case, we have,
We can also rewrite (2.42) as
This quantity (2.40) corresponds to the character of a-th anti-(super)symmetric and m-th (super)symmetric tensor representation. We will use Q (a)
m also satisfies the so called Q-system, which is the T -system (2.18)-(2.23) without the spectral parameter v: for m, a ∈ Z ≥1 , we have
or (a, m) = (r + 1, s + 1),
The Q-system was introduced [38, 39] as functional relations among characters of finite dimensional representations of Yangians (or quantum affine algebras) associated with simple Lie algebras. The above system of equations is a superalgebra version of them. In closing this section, let us comment on the analyticity of the auxiliary function (2.13). As mentioned before, the free energy (2.9) is given only by the largest eigenvalue of the QTM (2.8). Then we are only interested in a root of the BAE (2.12) which gives the largest eigenvalue of the QTM. Judging from numerical calculations [25, 26, 14, 16] , such a root will exist in the sector
of the BAE, and it will form 'one-string' on the complex plane. For this root, the zeros of the auxiliary function (2.13) will exist near the lines Imv = ± a+m 2
at least for {µ a } = {0} and small u (see, figures in [26, 14, 16] ). In this sector, we have
From now on, we only consider the largest eigenvalue of the QTM, and assume these values (2.48) of the parameters.
The nonlinear integral equations
In this section, we will derive NLIE by using formulae in the previous section. We will treat two kind of NLIE paying attention to the value of the parameter ξ ∈ {−1, 1}. Although the first step of calculations (3.1)-(3.6) is similar to s = −1 case [9, 14, 16], we will present it for reader's convenience. Taking note on the limit (2.40) and the fact that T (a)
where the coefficients
m,j ∈ C can be expressed as contour integrals:
Here the contourC ), where n ∈ Z, k ∈ Z − {0}. Using the T -system (2.18)-(2.20), we can rewrite
where we admit [40, 41] ). Substituting (3.3) into (3.1) and taking the summation over j, we obtain
Here the contours are shifted as follows: the contourC 
we can take the summation over n ∈ Z.
In the next subsection, we will consider specializations of this system of NLIE (3.6).
The nonlinear integral equations for ξ = 1
Let us consider the NLIE (3.6) for ξ = 1 and m = 1. Taking note on the fact T (a)
, we can drop the first terms in the two brackets {· · · } in (3.6) since they have no poles at y = 0. Then the NLIE (3.6) reduce to the following NLIE on T (a)
where the contour C (resp.
) and does not surround z
Here we put the zeros of T (a)
is a known function:
Note that (3.7) are an infinite number of couple NLIE if s ∈ Z ≥0 . This situation is quite different from the U q ( sl(r + 1)) case [16, 14, 9] . However these NLIE are not independent, then we will take the first r + s + 1 of them ((3.7) for a ∈ {1, 2, . . . r + s + 1}). The NLIE for a = r + s + 1 contains T (r+s+2) 1
(v), then we will eliminate this by using the relation (2.30), where
, (3.10)
, (3.11) where
14)
, and consequently (3.11) reduces to
, where the determinants should be interpreted as det 1≤j,k≤0 (· · · ) = 1, det 1≤j,k≤−1 (· · · ) = 0. Thus (3.9) and (3.10) reduce to the NLIE for U q ( sl(r + 1)) in [16] . In particular for s = 0 (U q ( sl(r + 1|1)) case, we can use (2.24):
) .
The free energy per site is given by a solution of these NLIE (3.9)-(3.17)
In these NLIE (3.9)-(3.17), the number of unknown functions and equations is r + s + 1, which contrasts with TBA equations [42, 43, 44, 26, 45] .
The nonlinear integral equations for ξ = −1
Next, let us consider the NLIE (3.6) for ξ = −1 and a = 1. Taking note on the fact T 
where 20) and the contour C 
where T
m (v) = 0 for m < 0. In particular for r = 0 (U q ( sl(1|s + 1)) case, we can use (2.24):
The free energy per site is given by a solution of these NLIE (3.21)-(3.29)
In some sense, these NLIE are 'dual' to the ones in the previous section. The NLIE (3.21)-(3.29)have only r + s + 1 unknown functions. These NLIE have never been considered before even for U q ( sl(2)) case.
High temperature expansions
In this section, we will calculate the high temperature expansion of the free energy from our new NLIE. For large T /|J|, we assume the following expansion :
where b . In this sense, our high temperature expansion formula is different from ordinary one. Substituting this (4.1) into some of the NLIE (3.7)-(3.17), we can calculate the coefficients {b n (0)} to calculate the free energy (3.18). Taking note on this fact, firstly we use 5 a subset (NLIE for a ∈ {1, 2, . . . , deg}) of the non-reduced NLIE (3.7) rather than the reduced NLIE (3.9)-(3.17). We have observed that b 
1 , Q
1 , . . . , Q (n+1) 1
. We have calculated the coefficients by using Mathematica. As examples, we shall enumerate the 5 As for numerical calculations of the free energy, we expect that the reduced NLIE (3.9)-(3.17) are easier to use than the non-reduced NLIE (3.7).
6 For s = −1 case, they are Q
1 , . . . , Q
coefficients {b (1) n (0)} up to the order of 5, where we put ∆ = cosh η.
1 Q
In deriving these coefficients (4.2)-(4.6), we did not assume (2.40). Of course, when one calculate the free energy of the model, one must assume (2.40) and (2.48). We can also rewrite the coefficient b
and
1 for a ∈ Z ≥r+s+2 can be written in terms of Q [20, 20] (thin), sl(2|1) with [17, 17] (medium), sl(1|2) with [17, 17] (thick), sl(0|3) [20, 20] (dashed thick) respectively. We have also plotted (thick dots) a result of numerical calculation from another NLIE by Jüttner and Klümper [53] for the sl(2|1) case. C for the sl(3|0) case was also considered in [57, 6] .
n (0) are equivalent under the relations (2.40) and (2.48).
For fixed values of parameters, we have calculated the high temperature expansion for much higher order (see, appendix). We have plotted the high temperature expansion of the specific heat (Figure 1-3) . Here we have adopted the Pade approximation method. There is a duality among the specific heats with respect to interchange of r and s. In particular, r = s case is self-dual, then the specific heat becomes an even function of T (see (A.1.6)). In Figure 1 , we have also plotted a result of a numerical calculation by another NLIE [53] . We find a good agreement between our result and their result except for very low temperature region.
We can also calculate the high temperature expansion from the NLIE for [19, 20] (thin), sl(3|1) with [17, 17] (medium), sl(2|2) with [16, 16] (thick), sl(1|3) with [17, 17] (dashed medium), sl(0|4) with [18, 21] (dashed thick) respectively. C for the sl(4|0) case was also considered in [57] . [17, 21] (thin), sl(4|1) with [16, 18] (medium), sl(3|2) with [17, 17] (thick), sl(2|3) with [16, 17] (dashed thin), sl(1|4) with [16, 18] (dashed medium), sl(0|5) with [17, 21] (dashed thick) respectively. ξ = −1 in subsection 3.2. Similar to ξ = 1 case, we assume 
Due to symmetry between the NLIE for ξ = 1 and the one for ξ = −1, the following relation follows:
For example, (4.8) and (4.9) for n = 1 and (4.2) reproduce the Q-system (2.44) for (a, m) = (1, 1). From the relations (4.8) and (4.9) for n = 2 and (4.3), we obtain identities among characters −3Q
(1)
where we have used the fact that Q (a) m does not depend on ∆. These relations can be proved from the relations (2.25), (2.26) and (2.40).
Some comments on references on the high temperature expansion are in order. The high temperature expansion of the free energy was calculated from the Takahashi's NLIE for the XXX-model up to the order of 100 [46] ; the XXZ-model up to the order of 99 [16] . As for the higher rank or higher spin case, we have some results [13, 14, 15, 16] from NLIE. In particular, our result on the sl(r + 1) Uimin-Sutherland model in [14] was applied [47, 48, 49, 50, 51, 52] to spin ladder models and good agreement was seen between theoretical results and experimental data. We note that the coefficients (4.2)-(4.4) coincide with eqs. (4.14)-(4.16) in [16] . Note however that the coefficients in our paper are more general than the ones in [16] since the value of Q (a) 1 (2.40) was restricted to s = −1 case in [16] . There are also several works on high temperature expansions by different methods (see for example, [54, 55, 56, 57, 58] ).
Concluding remarks
In this paper, we have derived NLIE which contain only r + s + 1 unknown functions for the U( sl(r + 1|s + 1)) Perk-Schultz model. The key is a duality for the auxiliary function (2.23) and the quantum (supersymmetric) JacobiTrudi and Giambelli formula (2.25) and (2.26). Although we assumed that q is generic, we expect that our NLIE (at least reduced ones (3.9)-(3.17), (3.21)-(3.29)) will also be valid even for the case where q is root of unity as we will not need to take into account truncation of the T -system. The high temperature expansion of the free energy in terms of characters was calculated from our NLIE.
There are NLIE with a finite number of unknown functions for algebras of arbitrary rank in different context [59, 60] . These NLIE are different from Takahashi-type. Whether one can generalize (or modify) their NLIE for finite temperature case is still not clear. A deeper understanding of this subject is desirable.
There is an another kind of formulation of transfer matrices which is based on the graded formulation of the quantum inverse scattering method. In this formulation, the row-to-row transfer matrix is defined as a supertrace:
, where the R-matrix is defined as R
(v) and the graded tensor product is adopted. As far as the free energy (in the thermodynamic limit) is concerned, we think that there is no difference between this graded formulation and the one we have adopted. 
